Abstract. For a smooth, compact Riemannian manifold (M, g) of dimension N ≥ 3, we are interested in the critical equation
Introduction
Letting (M, g) be a smooth, compact Riemannian N-manifold, N ≥ 3, we consider the solutions u ∈ C 2,α of the problem
where ∆ g := − div g ∇ is the Laplace-Beltrami operator, κ ∈ C 0,α (M), α ∈ (0, 1), c ∈ R, and p > 1. , S g is the Scalar curvature of (M, g) and 2
* := The Yamabe problem, raised by H. Yamabe [42] in '60, was firstly solved by Trudinger [41] when µ g (M) ≤ 0. In this case, the solution is unique (up to a normalization when µ g (M) = 0). In general, a solution of (1.2) can be found by a direct constrained minimization method. As shown by Aubin [1] , the inequality µ g (M) < µ g 0 (S N ), (1.3) where (S N , g 0 ) is the round sphere, is the key ingredient to show compactness of minimizing sequences, a non-trivial fact in view of the non-compactness of the Sobolev embedding H When κ ≡ α N S g , the situation is different. When κ < α N S g , Druet [9, 10] (see also DruetHebey [13] and Druet-Hebey-Vétois [16] ) proved that compactness does hold for equation (1.1) with c = 1 and exponents p in the range [1 + ε 0 , 2 * − 1], for all dimensions N ≥ 3 (in case N = 3, it is possible to write a more refined condition on the mass, see Li-Zhu [27] ). As shown in Micheletti-Pistoia-Vétois [29] and Pistoia-Vétois [32] , in dimensions N ≥ 4, such a compactness result does not hold when κ (ξ 0 ) > α n S g (ξ 0 ) at some point ξ 0 ∈ M with a nondegeneracy assumption at ξ 0 , and, see [29] , compactness does not hold either in the supercritical range p > 2 * − 1 when κ (ξ 0 ) < α N S g (ξ 0 ) at some point ξ 0 ∈ M. We also refer to Robert-Vétois [36, Theorem 2.3] where a special non-compactness result is obtained in dimension N = 6 for potentials κ > α N S g (see also Druet [9] and Druet-Hebey [11, 12] in case of (M, g) = (S N , g 0 ) with N = 6). In the locally conformally flat case with N ≥ 4, Hebey-Vaugon [19] proved that there always exists g ∈ [g] such that the equation
with N ≥ 5 and when (κ − α N S g ) is a positive constant, Chen-Wei-Yan [8] proved that equation (1.1) with c = 1 and p = 2 * − 1 is not compact (see also the constructions by Hebey-Wei [20] in case N = 3).
When the potential κ varies, for manifolds (M, g) = (S N , g 0 ) with µ g (M) > 0, Druet [10] (see also Druet-Hebey [14] ) proved that sequences of solutions (u k ) k∈N of (1.1) with c = 1,
, and potentials (κ k ) k∈N , are pre-compact in C 2,α (M), α ∈ (0, 1), when n = 3, 4, 5 provided that κ k ≤ α n S g . The same result is strongly expected to be true in the locally conformally flat case and generally for N ≤ 24.
The aim of the paper is to investigate the effect of positive perturbations of the geometric potential by exhibiting the failure of compactness properties for the equation
where h ∈ C 0,α (M), α ∈ (0, 1), with max M h > 0 and ε > 0 is a small parameter.
A family (u ε ) ε of solutions to equation (1.4) is said to blow up at some point ξ 0 ∈ M if there holds sup U u ε → +∞ as ε → 0, for all neighborhoods U of ξ 0 in M. Letting
our main result is:
be a smooth, compact, non-locally conformally flat Riemannian manifold with N ≥ 6 and µ g (M) > 0. Let h ∈ C 0,α (M), α ∈ (0, 1), so that max M h > 0 and inf{| Weyl g (x)| g : h(x) > 0} > 0. Then for ε > 0 small, equation (1.4) has a solution u ε such that the family (u ε ) ε blows up, up to a sub-sequence, as ε → 0 at some point ξ 0 so that E(ξ 0 ) = max M E .
Introducing the "reduced energy" E : (0, ∞) × M → R defined as
with c 2 , c 3 > 0, Theorem 1.1 is an easy consequence of the following more general result: According to Li [23] , we say that a compact set
in order to derive Theorem 1.1, the set D in Theorem 1.2 is constructed as
which is clearly a C 0 -stable critical set of E. Since d(ξ) is a maximum point of E in d, neither minimum points of E, nor saddle points of E can provide any C 0 -stable critical set of E.
Let us finally compare problem (1.4) with its Euclidean counter-part on a smooth bounded domain Ω ⊂ R N , N ≥ 4, with homogeneous Dirichlet boundary condition:
For λ ≥ 0, a direct minimization method (for the corresponding Rayleigh quotient) never gives rise to any solution of (1.5), and no solutions exist at all if Ω is star-shaped as shown by Pohožaev [33] . Moreover, following the arguments developed by Ben Ayed-El MehdiGrossi-Rey [3] , problem (1.5) has never any solution with a single blow-up point as λ → 0 + . The effect of the geometry, which is crucial to provide a solution for the Yamabe problem (corresponding to λ = 0 in (1.5)) by minimization, is also relevant to producing solutions of (1.4) (corresponding to λ → 0 + in (1.5)) with a single blow-up point as stated in Theorem 1.1. When λ < 0, solutions of (1.5) can be found by direct minimization as shown by BrezisNirenberg [7] , and exhibit a single blow-up point as λ → 0 − as shown by Han [18] , in contrast with the compactness property proved by Druet [9, 10] . Solutions of (1.5) with a single blow-up point, see Rey [34, 35] , and with multiple blow-up points, see Bahri-Li-Rey [2] and MussoPistoia [30] , as λ → 0 − have been constructed in a very general way.
We attack the existence issue of blowing-up solutions by a perturbative method, referred to in the literature as the non-linear Lyapunov-Schmidt reduction. Such a method is well known and the main point is to produce a suitable ansatz for the solutions. In the non-locally conformally flat case with N ≥ 6 the basic ansatz is like in Aubin [1] , but, see Section 2, needs to be slightly corrected via linearization so to account for the local geometry. A similar idea has been used for the prescribed Q−curvature problem by Pistoia-Vaira [31] , the fourthorder analogue of the Yamabe problem. An alternative and more geometrical approach can be devised based on the conformal covariance of ∆ g +α N S g . The main point is to allow the metric g to vary in the conformal class so to gain flatness at each point ξ ∈ M, and this approach allows us, see Esposito-Pistoia-Vétois [17] , to cover in an unified way also the remaining cases N = 4, 5 or (M, g) locally conformally flat with N ≥ 6 (the case N = 3 is always excluded by the compactness result of Li-Zhu [27] ). The aim of this paper is at the same time to advertise the general result contained in [17] , and to provide a simpler and more intuitive proof in a special case. Thanks to the solvability theory of the linearized operator, we are led to study critical points of a finite-dimensional functional J ε , and a key step is to obtain in Section 3 an asymptotic expansion of J ε by identifying the "reduced energy" E as the main order term. In Section 4, we describe the main steps of the non-linear Lyapunov-Schmidt reduction, and we deduce our general result Theorem 1.2.
The correcting term towards an improved ansatz
we aim to solve
2)
and R ij are the components of the Ricci tensor Ric g of (M, g) in geodesic
coordinates.
is the Euclidean laplacian with the standard sign convention, and U(|y|) is the unique positive radial solution of −∆U = U p with U(0) = max
R ii (ξ), a straightforward computation shows that
is a solution of (2.2) as we were searching for.
Let 0 < r 0 < i g (M), where i g (M) is the injectivity radius of (M, g). Take χ a smooth cutoff function such that 0 ≤ χ ≤ 1 in R, χ ≡ 1 in [−r 0 /2, r 0 /2], and χ ≡ 0 out of [−r 0 , r 0 ]. For any point ξ in M and for any positive real number µ, we define the functions U µ,ξ and V µ,ξ on M by
ξ is the geodesic coordinate system. Here, U µ and V µ are defined as
obtained by scaling U and V in (2.1) and (2.3), respectively. Since µ g (M) > 0 implies the coercivity of the conformal laplacian
be the bounded operator defined as follows: the function u = i * (w) is the unique solution in
and we look for solutions of (2.4) in the form
where ξ ∈ M, µ > 0 is small and φ ε is a small remainder term.
First of all, we introduce the error term
We want to point out that the choice of the ansatz in (2.5) with the extra term V µ,ξ is motivated by the need that the error term has to be small enough. Indeed, the error term is estimated as follows.
Lemma 2.1. Let N ≥ 6. There exists a positive constant C 0 > 0 such that for any µ small and ξ in M there holds
Since U µ,ξ • exp ξ is radially symmetric in B 0 (r 0 ), we have that
where |g| := det g. In geodesic coordinates, we have the Taylor expansion
(see for example Lee-Parker [22] ), yielding to
Similarly, we have that
Since by (2.2) we have that
by (2.9)-(2.10) we get that
for all a > 0 and b ∈ R, by (2.11) we deduce the validity of (2.7).
The reduced energy
Introduce the Euler-Lagrange functional J ε : H 
The aim is to find an asymptotic expansion of J ε (W µ,ξ ). We have that:
Proposition 3.1. The following expansions do hold as ǫ, µ → 0:
when N = 6, and
when N ≥ 7, uniformly with respect to ξ ∈ M, where K N is the best constant for the embedding of
Proof. First, we have that
as µ → 0. Now, observe that there holds
as µ → 0, in view of (2.11). By (2.8) and
we deduce that
as µ → 0. By (3.3) and (3.4), we get that
(3.5) as µ → 0. By (2.2)-(2.3) and easy symmetry properties we deduce that
as µ → 0, where the E ij 's are the components of the traceless part E g = Ric g − Sg N g of the Ricci curvature Ric g of (M, g) in geodesic coordinates and
Since integration by parts yields to
as soon as p − q > 1, we have that
as µ → 0, and it can be easily checked that
(see Aubin [1] ). Since for all i = j there holds
by (3.6) and (3.8)-(3.9) we deduce that
if N = 6, and
if N ≥ 7. Inserting (3.10)-(3.11) into (3.5), by Lemma 3.2 below we deduce the validity of (3.1)-(3.2).
We are left with proving the following:
The following expansions do hold as ǫ, µ → 0:
when N ≥ 7, uniformly with respect to ξ ∈ M.
Proof. There hold
as r → 0, uniformly with respect to ξ, where dσ g is the volume element of ∂B ξ (r), ω N −1 is the volume of the unit (N − 1)-sphere, and where (see (3.17)-(3.18))
and
The orthogonal decomposition of Riemann curvature is given by
where Weyl g is the Weyl curvature of g and E g = Ric g − Sg N g is the traceless part of the Ricci curvature of g. Moreover, we get
By (3.8) and (3.14), we compute
in view of (3.9). Since by (3.7) there hold
as µ → 0, by (3.13) we compute
in view of (3.9) . Similarly, by (3.12), we have that
in view of (3.9). Finally, the claimed expansions follow by (3.19) , (3.20) , (3.21) and (3.22) in view of (3.15)-(3.18).
The Lyapunov-Schmidt reduction argument
Since equation (1.4) can be re-written as (2.4), the function u = W µ,ξ + φ does solve (1.4) as soon asL
where R µ,ξ is given in (2.6),
+ φ is the nonlinear term (quadratic in φ) and
+ φ − εhφ is the linearized operator of (2.4) at W µ,ξ .
Since W µ,ξ is a small perturbation of U µ,ξ , as ε, µ → 0 the operatorL µ,ξ in balls with radii of order µ looks pretty much as a scaling of the limiting operator
, where U is given in (2.1). It is well known (see Bianchi-Egnell [4] ) that
Since there is no hope for the full invertibility ofL µ,ξ in H 1 g (M), let us introduce the "asymptotic kernel" K µ,ξ and its "orthogonal space" Lemma 4.1. There exists a positive constant C 0 such that, for any ε, µ small and any ξ ∈ M, there holds
As a consequence, (4.3) admits a unique solution φ µ,ξ ∈ K ⊥ µ,ξ , which is continuously differentiable in µ and ξ, so that
Let us just stress out that the estimate (4.5) heavily depends on (2.7). The need of improving the ansatz in Section 2 comes out from getting the correct smallness rate of φ as expressed by (4.5). Finally, we have all the ingredients to prove our main result.
Proof of Theorem 1.2. A first well known fact (see for example Musso-Pistoia [30] ) is the equivalence between equation (4.4) and the search of critical points for J ε (µ, ξ) = J ε (W µ,ξ + φ µ,ξ ) , where φ µ,ξ is given by Lemma 4.1. We just need to prove that ) is defined as l(µ) = −µ 2 ln µ, by Proposition 3.1 and (4.6) we deduce the following asymptotic estimates:
as ε → 0, uniformly with respect to ξ ∈ M and to d in compact subsets of (0, ∞), where c 2 , c 3 > 0 are suitable constants, γ = 1 when N = 6 and γ = 0 when N ≥ 7. Letting D ⊂ (0, ∞) × M be a C 0 -stable critical set of E and U be a compact neighborhood of D in (0, ∞) × M, by the definition of stability it follows that J has a critical point (d ε , ξ ε ) ∈ U ⊂ (0, ∞) × M, for ε small. Up to a subsequence and taking U smaller and smaller, we can assume that (d ε , ξ ε ) → (t 0 , ξ 0 ) as ε → 0 with ξ 0 ∈ π(D). By elliptic regularity theory u ε = W µ(dε),ξε + φ µ(dε),ξε is a solution of (1.4). Since ξ ε → ξ 0 and φ µ(dε),ξε → 0 as ε → 0, it is easily seen that u ε > 0 and u 2 * ε ⇀ K −N N δ ξ 0 in the measures sense as ε → 0 (see for example Rey [35] ), where δ ξ denotes the Dirac mass measure at ξ. From very basic facts concerning the asymptotic analysis of solutions of Yamabe-type equations (see for example Druet-Hebey [12] and Druet-Hebey-Robert [15] ), we get that the family (u ε ) ε blows up at the point ξ 0 as ε → 0.
